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Abstract. We investigate the radiative decay of the axion into two photons in an external electromagnetic
field to one loop order. Our approach is based on the world-line formalism, which is very suitable to take
into account the external field to all orders. Afterwards we discuss how the calculation could be generalized

to finite temperature.

1 Introduction

In order to solve the strong CP problem Peccei and Quinn
[1] proposed that the full lagrangian of the extended stan-
dard model is invariant under a global chiral U(1) sym-
metry, which however is spontaneously broken, leading to
a pseudoscalar Goldstone boson [2], the axion. This parti-
cle couples to fermions, depending on the model either to
the known fermions of the standard model (DFSZ model
[3]) or to some exotic heavy new fermions (KSVZ model
[4]). In the latter case the axions couple to ordinary mat-
ter and radiation mainly by means of the triangle graph
(Fig. 1), leading to an effective two-photon (or two-gluon)
coupling.

Although the original Peccei-Quinn model, which as-
sumed a symmetry breaking at the electroweak scale, is
'ruled out’ by experiment [5], models with a much larger
breaking scale, leading to light and weakly coupled, so
called invisible, axions are still of great interest. Their
astrophysical impact, especially their influence on stellar
evolution, is discussed e.g. in [6-8].

In the present paper we study the axion-two-photon
coupling in the presence of a constant homogeneous elec-
tromagnetic background field. Thus we assume a pseu-
doscalar coupling of the axion field ¢’ to fermions,
N ¢'1ys1p, although the Goldstone character of the ax-
ion would in general require a derivative coupling. It is
argued, however, in [6] and references therein, that the
pseudoscalar coupling leads to the correct results as long
as only one axion is attached to a fermion line. This is
obviously the case for the triangle graph.

Our calculation is based on the world-line formalism
[9-17]. This is a first quantized formalism, originally used
for one loop calculations in quantum field theory. The gen-
eralisation to higher loop orders is however possible as
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Fig. 1. Triangle graph

elaborated in the scalar theory and particularly in QED
[14-16]. Although the idea of dealing with particles on a
world-line is quite old [9], it has experienced a renaissance
through the work of Bern and Kosower [10], who derived
a set of new Feynman rules for one loop gluon scattering
amplitudes from string theory, which thus inherited its su-
perior organisation of perturbative calculations. Strasslers
observation that the new set of rules can alternatively be
derived through pathintegral methods has been very use-
ful [11]. In this approach one writes the one loop effective
action as a (super)particle path integral and evaluates this
path integral using world-line Green functions appropriate
to a one dimensional field theory on the circle.

The world-line method is particularly useful in situa-
tions with a constant background field [16] and has been
successfully applied to the calculation of photon splitting
in a strong magnetic field [18]. The description of scalar
and pseudoscalar couplings on the world-line is given in
[19-21]. In [20] the world-line lagrangian was derived by
analogy to the expression in the second order description
of the fermionic one loop effective action in a background
of vector, axial vector, scalar and pseudoscalar fields. Thus
it was mathematically necessary to introduce two further
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bosonic and fermionic degrees of freedom. This procedure
was clarified in [21], where the world-line action for a
fermion coupled to vector, scalar and pseudoscalar fields
is derived from an eight dimensional Dirac operator in six
spacetime dimensions coupled to a gauge field whose first
four components are those of the vector gauge field while
the fifth and sixth components are the scalar respectively
pseudoscalar field. The Dirac fermion however only de-
pends on the first four coordinates. This interpretation is
possible if one doubles the fermion degrees (without alter-
ing the value of the effective action) and introduces the
six Gamma matrices

(0 _ 0 _ (0
FM_('VMO) aF5—<_Z'Io) ’F6_<’)/50
(1)

which obey the usual anticommutation relations
{I'a, I’} =26ap1Isxs (2)

The above mentioned six spacetime dimensional Diracop-
erator then has the form:

Y =Tu(py —eAy) —IsA¢ — IsN'¢' (3)

Due to the presence of the pseudoscalar field, the effective
action has both a real and an imaginary part, depending
on whether an even or an odd number of pseudoscalar
particles are involved. The real part of the effective action
can be calculated as

ng:—élnDet[E]:—/OOC?/Ppw/ADd)e_S (4)

where P and A denote periodic and antiperiodic boundary
conditions resp. and S is the world-line action, which for
the case at hand (i.e. in the formulas of [20] we discard
the axial vector contribution, introduce the fermion mass
by setting the scalar field to ¢ — m/X and integrate out
the auxiliary variables x5 and xg via their ’equation of
motion’) is

s .2 . . .
5= [ ar (T + 30 b+ gvss + gbto +
+N2¢? — 2iN 61, 0,0  +ie(,A,
+2¢,4, 0, Ay) (5)

As the triangle graph involves only one axion field it con-
tributes to the imaginary part of the effective action. Ac-
cording to [20] its derivative with respect to the pseu-
doscalar field is given by!

0 > ds
7110:— —_— D D Q’ e
51 /0 S/P x/P Y Qge (6)

where S is again given by (5), the boundary conditions
for the fermions have changed to periodic ones (as a con-
sequence of the appearance of 5 in the usual Feynman

! The normalization stems from a calculation of the anomaly
in four dimensions (see e.g. [32], p.552) and agrees with the one
of [21]
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calculation) and the insertion operator is (again for the
case at hand)

Qg = —z'/\’/o dr (;wu%% - im%%‘) (7)

When solving the fermionic pathintegral by means of
Wick-contractions with the world-line Green functions, we
have to take into account the periodic boundary condi-
tions of the fermions. There are now fermionic zero modes
and the world-line supersymmetry is no longer broken by
the boundary conditions. Thus we have

2
iodi - LT T2
GII);‘ET’LO 1C — GB, ( ) (8)
where Gp/p means the fermionic respectively bosonic
Green function on the world-line.

Gg(m1,T2) = |11 —T2|—

2 The case {F,, #0, T,u =0}

The amplitude for the coupling of the axion to the elec-
tromagnetic field is given in the world-line formalism by:

Mo - /0°° = [ i, DD [ avan vl
X /dx(o)(—i)\’) /OS dr’ (;1/)#2)#1#6 - im%%)

X Noso(0) 2
><ezqy('r )equ e~ms

s y'2 1 . 1 .
xexp{/o dr {4+21/1-1/J+21/151/15

1 . L.

+§¢67/)6 + Ze(yuAu + QW%@AH)} } 9)
where the integration over the zeromodes has been seper-
ated (z = 2(® +y, and Jy dry" () = 0). One has to use
Yus6 = 1/;“,576 + 1/1;(3%76 in the integrand. As the integra-
tion over the fermionic zeromodes is only nonvanishing if
the integrand contains a factor ¢£0)¢£0)w&0)wgo)wéo)wéo),
where the greek indices run from 1 to 4, producing an
€uvap, one realizes, that the first term of the inserted
operator does in fact not contribute. One also notices,
that f; dr wg,)%ﬁi;maﬁ = 0 so that in the kinetic part of
the fermionic world-line action the substitution v, 56 —
V5,6 is allowed.

As described in [16] we can seperate the electromag-
netic field into the constant, homogeneous background
field F' and the outgoing photon fields F' (which are de-
scribed like the axion by plane waves):

F#V:FMV+FMV (10)
Using the Fock-Schwinger-gauge for the constant field
yields:

_ _ 1 _ 4 4
A () =A,+A,(T) = iyl,F,,# + elue“’“z(ﬂ + 62N€zk2$(T)
(11)
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We realize that the Fock-Schwinger-gauge is compatible
with the Lorentz-gauge, so that we can assume ¢; - k; =
0, i = 1,2. The influence of the constant background field
can partially be incorporated by a redefinition of the
Green functions and the fluctuation determinants. In do-
ing so we have to keep in mind the periodic boundary
conditions of the fermions (see Appendix A).

If we expand the interaction part of the exponential
in the integrand of (9) and keep only terms, which are
linear in €; and e> and which do contribute after the in-
tegration of the fermionic zeromodes, we are left with the
computation of the following expression:

/ ds / dz® / DyDi,dp @ dy”

xe ™ (— M)/ dridrydrs (—ip{"v§m)
0

M=—

et ) L [ied, (r)j(m) — ie(?
0 (1) Fy (1) (8 + 4 (10)) ] [ A (72)d(72)
—ie( + P (r2) s (1) (00 + ()|

O Eu0))
S -2 1 _
X exp {/ dr Fil + iiequwy#
0

%12) 12; - Z.E’I/SHELV’I]}V:| }

X <1 +iespy Oyl — —e

(12)

;(LO)FW@V(T) = 0 and

fD1;5/6 exp{— [, dr %1;5/61;5/6} = 1. The 7s are inte-
grated over the circle with circumference s and one 7 can
be set to zero for convenience because of translational in-
variance on the world-line (in our calculations this will
be 73). We now perform the Wick-contractions with the
bosonic Green function? in a constant background field,
i.e. we apply the following rules:

where we have used [drv

<Yu(m)yp(m2) > = =G (m1,72)  (13)
<Pu(r)in(r2) > = =G, (r1,72)  (14)
< yu(Tl)eiky(m) > = _Zguu(leTQ)
x k, ety (72) (15)
< etky(m) gikay(12) gikay(rs)  — exp{ Z Ermykeny
m<n
XQ/LV(TM)TTL)} (16)
- - 1.
< Pu(m)u(r2) > = SGu(r,m2) - (A7)

where the dot and prime mean differentiation with respect
to the first respectively second argument. We get rid of

the term g.LV(T]_,TQ) = %(8Tlg;w(7'1,7'2) +872Q',W(7'1,7'2))

2 In the following G always means the bosonic Green function

G (A.2)
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by partial integration, using the symmetry properties:

g',uu('rla 7—2) - _guu(727 7—1)
G (11, 72) = =G, (11, 72)
and noticing that the boundary terms vanish because of
the periodicity of G,,(0,72) = G,.(s,72). The unbroken
supersymmetry on the world-line leads to extensive can-

cellations in the calculation. We finally get as our result
(setting ks = ¢ for convenience):

M= Mg+ M1+ M,

(18)
(19)

(20)

with

/2 > ds ° —m?s 4
o =4mMe — dridredrse (2m)
o S Jo
><(5(k1 + ko + kg)(47r8)72
1
X exp{§ Z ki-G(ri, 1) kj}

i#]

X e,ul V2V klul €1, k2u2 €20y

(o) S
M; = Qim)\’e3/ ds/ dTld7'2d7'3e_m28(271')4
0 0
><(5(k1 + ko + kg)(47r8)72
1
X GXP{§ Z kl . g(Ti,Tj> . kj}

i#]

X [Q(kl Fe)

X {(62 -G(72,m1) k1) + (e2 - G(2,73) - k3)}
— (k1 'AF “ka)(e1 '.g(ﬁ,ﬁ) x2)

—(€e1- F-e2)(ky - G(T1,72) - k2)

+2(ky - Fe2)(er - G(ri,7m2) - k‘z)]

+ (€1, k1) <> (€2, k2)

(22)

1 > | )
My = —§m/\’e4/ dss/ drydrydrse™™ *(27)*
0 0
X(S(kl + ko + k3)<4ﬂ'8)_2

1
X eXp{i Zkl . g(Ti,Tj) . k‘]}

i#]
<FuuFy |5 Gr1m) )
x { k- Gri ) <) = (ko - G, 7s) - i) }
+2(e1 - G(m1,73) - k3)(e2 - G(12, 1) - K1)
(e G(rm) ha)(e2 Olmms) k)| (23)

+ (€1, k1) <> (€2, k2)

where we have introduced the notation F/w = %ewaﬁﬁag.
Before going on to the finite temperature case we want

to specify our formula to the case described in [22], i.e. we
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neglect the axion mass and assume the crossed field case
(E L E,E = B or FWFW = F#VFW = 0). In the limit of
a vanishing axion mass we additionally have ¢ || k1 || k2
because of energy-momentum conservation, that means
kl = —Aq, kQ = —(1 — A)q

We see immediately that under these circumstances
only M; contributes to the amplitude. Furthermore we
easily verify, that F’”aﬁ‘agﬁ’g,, = 0, so that we can use the
expansions (A.5) and (A.6) in M;. In doing so we arrive at
the following formula (see Appendix B for some details):

oo S
M = 4imNe? / ds / drydrydrs e ™ (2m)*
0 0
1
X(s(kl + kQ + kg)(47('8)72m

1 .
xexply D ki Glrim) i}k F o)
i#j

x(e2 - [G(12, 1) — G(T2,73)] - k2)
+ (€1, k1) > (€2, k2)

1 o0 1
- mee‘*w*?(%)‘*a(kl + ko +q) / ds s? / doy
0 0

(24)

1-o1 2 1 ~ n
X/ dO’Q@ mes <1_/1(f1NVFMV)(f2HVFMV)
0

X (0'1 — 20’10’2 — 0'%) + (61,]{11) — (62,](?2))

3
S _
xexp{e’(q- F - F-q)[-(01 = o})*A?

—(o3 — 02)%(1 — N)?20105(1 — 301 — 305 + 202
+203 + 30102)A(1 — A)]} (25)

with

fiap = Kia€ip — €iakip (26)
Equation (25) can be shown to be equivalent to the result
obtained in [22], up to an unphysical overall minus sign.
To see the equivalence of the two formulas one would have
to transform the variable s according to

s— s{e*(q- F - F-q)[20109(1 — 30, — 302 + 207}
+203 4+ 30102)A(1 — A) — (01 — 07)2A?

—(02 = 03)*(1 = A)*]}1/° (27)

perform a Wick-rotation in s and change from Euclidian
to Minkowski space.

3 Remarks about the case
{F. #0, T,u#0}

The finite temperature and density case even without
background field raises some new questions and we first
treat this case. Finite temperature is usually taken into
account on the world-line in the context of the imaginary
time formalism. Thus the time component becomes a cir-
cle with circumference g = % Under this topological con-
straint the pathintegral in (9), which is over closed paths,
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can be written as a sum over pathintegrals without the
topological constraint but each one over paths where the
endpoint differs from the starting point by a multiple of 3
in the time component [23, 24]. This takes into account the
different windings of the closed paths on the time-circle.
In order to get the statistics right the sum has to be alter-
nating®. That means, if Pfy is the pathintegral over paths
from y to x under the topological constraint x4 = x4 +ng
and Ppy is the one without the topological constraint, we

have:
o0

Z (71)npaﬂf4+nﬁ)y

n=—oo

Pl = (28)

Thus we are led to calculate the following expression:

©ds
M = _4m)\/€2€Mua761u€2vklak27/0 ? Z (_1)n

X / Dx / Dy
z—(Z,x4+n03) P
2

s
~ / dTldT2d7,36iklz(‘rl)Jrikg:v(Tg)Jriqa:(Tg)efm s
0

s @2 1. -
xexp{—/ dr ( + ¢¢>}
0 4 2
where we have already performed the integration over the
fermionic zero modes. We now have to split the path into

a linear and a periodic part and separate the center of
mass

(29)

2(r) = & + nBes +y(7) (30)

where e4 is a unit vector in the direction of the fourth
(i.e. time) component. The remaining pathintegrals run
over periodic paths with center of mass zero so that the
usual Green functions can be used for the Wick contrac-
tions (this is true also for the fermionic pathintegrals).
The result we get is:

M= _4m)‘1626MV04’Y€1M62Vk10¢k2’Y (27T)4(5(E1 + EQ + (7)

00 1
2
X 6wk1 FWky +wg / dss / daldJQ
0 0
o0

n2p32 2

% Z (_1)n€i(wk101+wk202)n56* Is e~ ™ 5(47'(3)72

n=—oo

exp{s(k1 - koaGp12 + k1 - ¢Gp1 + k2 - ¢Gp2)}  (31)
where 73 has been set to zero again,
Gpij =loi —0oj| = (0i—0;)* , Gpi=0i—0] (32)

and wj, are the external bosonic Matsubara frequencies.
We now perform a Jakobi-transformation

oo

Z (—1)" exp{in[rn? + 22n]}

n=—oo

(33)

3 Note that this is not in contradiction to the periodicity of
(1) on the world-line since 9(7) is a world-line and not a
space-time fermion
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imz2 >
= (—ir) Ve Y
n=—oo
1 1\° _z 1
xexpim |——(n+ =) +2=(n+ =
T 2 T 2
and get:
M= —ﬁm)\/€26uya7€h¢62yk1ak2w(271')4

1
X0 (k1 + k2 + §)0uy, +wn, +w, / dodoy 71
0

X Z / ds s1/2 exp{—s[m? — k; - koG p1a (34)
0

—k1 - qGp1 — k2 - ¢Gpa + (W, — Wk, 01 — Wky02)?]}

1
- Wm)\l€2 euua’yelﬂew’k‘lo‘kzry (27‘-)4

Xa(lgl + EZ + (T) 5wk1 +wk2+wq571 Z / ds 81/2
0

n=—oo

1 1—0‘2

X l/ dag/ doy exp{—s[m? + k3o (1 — o1)
0 0

+I€%O’2(1 — 0'2) + 2k1]€20102 + (w; — wkl(l — 0'1)

1 1—0o;
—wi,02)%]} + / doy / doy exp{—s[m? + k30,
0 0

X (1 — 0'1) + k%gg(l — 0'2) + 2]6'1](12(7102

+(w;, — wk,01 — Wi, (1= 02))°]} 1 (35)

where the ”—” in w,, characterizes the Matsubara frequen-
cies as fermionic ones. We can now introduce the chemical
potential via w,, — w,, — iyu. We convert the sum in (34)
into contour integrals via:

BTN fliwy, + )

1 100+ p—€
27TZ —i00+p—e
100+ p+e
. @)
eﬁ(‘“_l‘) + 1

—1i00+4p+€e

1 100+ pu+e€
SR O
210 | iootpre  €0TH 41

et f(w)
+/ dw eBlp—w) 41

—100+p—e€

[T s f s

4 Because of the analytic properties of the integrand it is
possible to change the order of the s-integration and the sum-
mation. This is also confirmed by formula (42) derived with
the Matsubara formalism

fw)
eBlo—p) 41

(36)
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Fig. 2. Contour c’

For the case y > 0 the contour € is depicted in (Fig. 2)
and we have assumed that f(w) is analytic in a neighbour-
hood of the line R(w) = p and limg_, 100 f(a +iR) =0
for 0 < a < p (which is true for the case at hand). In
the following we consider only the case |p| < m. Then our
f(w) is analytic inside the contour C' and therefore the
last term of (36) does not contribute.

We are thus led to calculate the following expression
for the temperature dependent part:

1 / 7 I
MP = EmA e euvar 1€ kiakay (2m)* 0(k1 + k2 + @)

1
><5wh+wk2 +wy / dO’ldO'2
0

100+pu+e _ _iR)2)-3/2
o [ e
20 J oot pte eflw—n) 41

1 100+ p—€ A— —iB)2 —3/2
L o A= (W —iB)) (37)
271-7/ —icotp—e e*ﬁ(wfyf) —+ ]_
with
A=m?—ky-keGpi2 — k1 -qGp1 — ka2 - ¢Gp2
B = wg, 01 + wg, 02 (38)

We now have to deform the w-contour to the real axis. In
doing so we have to be careful because of the squareroot
cut in the integrand. The details of the calculation can be
found in Appendix C and here we just give the result:

1 T
MP = 4—71_2m)\'e2ewa761#62uk1ak2w(27)4 o(k1 + k2 +q)

1 oo
><(5wkl Wiy +wg / doidoy / dp
0 0

AY(p2 4 1)3/2
BVAVPPF1-p+iB) 4 |
BAV2(p2 1)716ﬂ(\/2\/1)27+1—u+i8)

(PVAVPH1-p+iB) | 1)2
AV (p? + 1)78/2

e~ B(—VAVP +1-u+iB) | |
BAV2(p2 + 1)716—6(—\/2\/1227-&-1—u+i3)
(e—ﬁ(—\/Z\/;tT-l—l—u-i-iB) +1)2

(39)
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In Appendix C we derive this result also with a different
method.

Decomposing (p? +1)7! = —p?/(p? +1)71 + 1 in the
second and fourth term and performing a partial integra-
tion in the —p?/(p? + 1)~! part one arrives at a simpler
expression®:

1 - -
Mﬁ = mﬂl}\/eQGuya'yElptelklakQ’y(27T)4 5(k1 + kQ + q_>

1 0o
Xawk1+wk2+wq/0 dgldg2/0 dpﬂAil/Q

BVA/ PP +1-p+iB)
* l(eﬁ(ﬂ\/zTHquiB) 1)
o—B(—VA\/pP*+1-p+iB)
Jr(e—ﬁ(—\/Z\/zT-&-l—u-&-iB) +1)2

The general o-integration looks very complicated here. A
similar problem has been encountered during the investi-
gation of a scalar quantum field theory at two loop level
[31]. One could try to specialize to the case where the rest
frame of the axion is identical with the frame of the heat
bath and perform the analytical continuation in the exter-
nal Matsubara frequencies (iwy, — (kj)o—ie; , j=1,2,
see e.g. [27] and for a general treatment of the relationship
between imaginary-time and real-time finite temperature
field theory also [28-30]). As pointed out in [26] the result
should coincide with the corresponding calculation in the
real-time formalism (see e.g. [25]), if we assume M << m,
where M is the axion mass. The examination of the ana-
lytical continuation has not been finished yet. Some details
can be found in Appendix D.

It is possible to show that our expression agrees with
the one one gets with the usual Matsubara-Feynman-rules,
if one introduces Schwinger parameters and integrates out
the spatial momenta. In order to get (34) one has to use
the relationship between Feynman parameters and world-
line times (see Fig. 3):

(40)

Q1 = T1 = 8071,
g =19 — 711 = 8(03 — 01),
az =5—To = 8(l —09)

In detail we have:

-1 - d*p
M = —61#62Vﬁ Z (271_)3‘51“

m—(p +F)

« =
(wn +wi,)? + (F+k1)* +m?
X mo
Yu (wn )2 4 72 +m?
m— —
X V57— 2(]6*4)2 2%}
(wn —wg)2+ (-9 +m
- 00 d3p
= —dmepayeipcakiakaf ' Z / (2m)3

n=-—oo

5 This was suggested by H. Sato

M. Haack, M.G. Schmidt: Axion decay in a constant electromagnetic background field

1 klyeu

0=
Go e =

P+ ki, + (k1 en) —— (k2,€.)

P—q,as

7.
2 k27 €

Fig. 3. Relationship between Feynman parameters and world-
line times

X/ dagdasdas exp{—a; ((w; )? + p* +m?)
0

—a((wy +wi,)? + (F+ k1) +m?)
—as((w, —wy)® + (F—§)* +m?)}

(oo}

-1
= *4m€/wa’y€1/t€2vklak2’yﬂ E

X / dordagdas (4m(aq + as + QS))_3/2
0

x exp{—m*(o1 + az + as) — (w;,)*
X (a1 + s + ag) — w,%lozg - wgozg +w,
x (2w — 2wi, az) — oz — Ko
(Gas — kyas)?
(65) —+ (6] =+ Qs

oo
41 B
(:) —4meuvay€ipeakrakayf ' Z

n=—oo

0o 1 o2
X/ d8(4ﬂ'8)73/282/ do’z/ doy
0 0 0

x exp{—s[m? + (w;, +wp, (1 — 01) + wi, (1 — 02))?
—l—k’%O’l(l — 0'1) + k%O'Q(l — 0’2)
+2k1]€20’1(1 - 0'2)]} (42)
where we have used tr(vs7. Vv Va78) = 4€uap with the
Euclidian conventions €1234 = 1, 75 = —Y172V3V4, Y4 =
170. In order to get the first term in the square brackets
of (35) one has to transform oo — 1 — 0y and n — —n
in (42). The second term in the square brackets of (35) is
derived by interchange of 7 and 7.

With the same technique it is possible to treat the case
with a constant background field. The formula we derive
along the lines outlined above is:

Nm - &
M - 87‘(3/2 (271‘)45(]{}1 + kz + (j) 5Wk1+wk2+wq /O dS
1 )
x/ doidoydos e’mzsﬂfl Z exp{ky - G(71,72) - ko
0

n=—oo

k1 - G(11,73) - g+ ko - G(12,73) - ¢}
x exp{—s(w,, — Wk, 01 — Wi, 02 — wqag)Q}

X {M0+M1 +M2} (43)
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with
MO = 26281/2(]61;Luf2,uu)

N 1 . :
M = 4ie3s3/? [Q(fszW) ((61 - G(71,72) - ka2)

(44)

+(e1-G(1,73) ~q))

SO )G m) - o)
+ (k1 - F-e3)(e1 - G(11,70) - ko) )
+ (Wn — Wk 01 — Wiy 02 — wgo3) (€1)a(fon Fun)
3 Bl Glnima) )
+ (€1, k1) > (€2, k2)
My = —e*s2(F,, FL,) B(Gl -G(71,72) - €)
x (k- G(r1,73) - q) + (e1- G(71,73) - @)

1
X (62 . g(TQ,Tl) . kl) —+ { — g + 2((4.1,,? — Wk, 01

(45)

R (N

—2(w,,

 — Wk 01 — Wky 02 — We03)

{;(k1)4(€1 : g(Tl,TQ) : 62) - (61)4 ((62 : 9(72,7'1)

)+ (2 G m) - 0) o+ (a1 Glrioma) )

(e2-G(raim3) - ) ] Flenk) o (k) (46)

where we have used (26) and f;w = %ewavfan,. G(1i, 7)) is
of course understood as G(so;, s0;). It is again possible to
fix 03 = 0. (¢;)4 and (k;)4 mean the fourth (i.e. timelike)
component of the corresponding vector in brackets.

We have seen that the world-line formalism provides a
powerful tool in treating problems with a constant electro-
magnetic background field. The examination of tempera-
ture effects still suffers from the problem, that the occur-
ing integrals are not solvable in general and that the result
has to be continued analytically. These problems have also
been discussed in [31], where it was shown however, that
the world-line method offers an illustrative way of find-
ing the divergent parts of the ¢-two-loop-amplitude at
finite temperature. It is too early to draw a final conclu-
sion about the usefulness of the world-line method in finite
temperature field theory. It might also be possible to com-
bine the real time formalism with the world-line method,
so that no problems of analytical continuation occur. Here
investigations are in progress.
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A Green functions and determinants
in a constant background field

In a constant background the defining equation for the
bosonic Green function becomes

1 82 s T 0 Av
b 6/¢>\ﬁ - QISEL)\E gB (7-177.2)

— 5 (5(71 1) - i)

In the case at hand the fermions obey periodic boundary
conditions. Thus we have [16]:

(A1)

1 eF
2(eF)2 (sin(er)

e—ieF‘sGBm

Gp(ri,m2) =

+ieFGpia — i) (A.2)
Gr(m,72) = Gp(r1,72)
- (o) o
where
G312=|7’1—T2|—@ (A4)

is the well known bosonic Green function on the circle
without background field.

The first few terms of the Taylor expansion in F for
the Green functions are:

i _
Gpi2 = Gpi2 — §G1312GB1286F

5 _ _
+§G%12(6F)2 + O(F?) (A.5)
Gr12 = Gp12 = Gp12 + 2i(Gp12 — %)GF
2. _ _
+§GBl2G312S(€F)2 + O(F?) (A.6)

where in the expression for Gg12 the constant coincidence
limit has already been subtracted (which is possible be-
cause of momentum conservation).

The free pathintegrals in a constant background and
with the fermions obeying periodic boundary conditions
are:

1 [° _
Jp Dz exp {—4 /0 dr (2 + ZiequWi‘,,)}

1
2

= det 5 2[~82] det 5 *[I — 2ieF O] (A7)
—_—————
(47s)~2
-~ 1 /5 S - ~
fp Di/’ exp {2 /0 dr (1/11/1 - QZede,wi/Ju)}
= det 2 [9] det Z[I — 2ieF; ] (A.8)

N——
1

where the prime at the determinant reminds at the fact,
that the zeromodes are excluded.



156

B Derivation of the formulas (24) and (25)

In the case k1 || k2 || ¢, because of the antisymmetry
of F' and G, the terms proportional to ki - F' - ko and

ki -G (11, 72) - k2 do not contribute (realize, that the order
of 7 and 75 in the argument of G can be changed because
we are integrating both over the whole interval [0,s]; thus
(18) can be applied to see, that the term does not con-
tribute). In order to derive (24) we take the first term in
the square brackets of (22) as it stands and the last one
with (€1, k1) <> (€2, k2). Using the fact that k; = —Aq and
ko = —(1 — A)q we immediately get:

[ =20k -F-€) {(62 - G(72,71) - k1)
+(ea - G(79,73) 'Q)}
61) .

+ 2(ko F- (e2-G(11,72) k1)
=2A(1 = A)(q-F-€)

X [62 G(m1,7m2) - q — €2 G(T2,71) 'Q}

+
=
S

X [62 . (g(TQ,T1) - g(TQ,T3) 'k‘g} (B.1)
the first summand of (B.1) vanishes upon integration over
the 7; as explained above.

To get from (24) to (25) we rescale the 7, = so; and
set 03 = 0. Furthermore we realize that in the expansion

of €5 - (g'(sag7 so1) — G(sag, O)) - ko only the second term
of (A.6) contributes. The first one is proportional to the
unit matrix and we have ¢; - k; = 0 because of the Lorentz
gauge choice. The third one is odd under interchange of
world-line times. Thus integration of o; and o9 over the
whole interval [0, 1] yields zero. As already stated in the
text it is easy to verify that F,,F.gFg, = 0.

Moreover in the exponent of exp{% Z#j ki-G(m,7;)-
k;} only the third term of (A.5) contributes in the limit of
vanishing axion mass. In this case ¢g?> = 0, so that the first
term yields zero and the second term vanishes because of
the antisymmetry of F.

If we now split the range of integration into (o1 €
[0,1],02 € [0,01]) and (o1 € [0,1],02 € [o01,1]) respec-
tively and perform a change of variables (07 — 1 — o1 in
the first case and o9 — 1 — 03 in the second case) we see
that both ranges contribute equally and we end up with
formula (25).

C Derivation of formula (39)

Our starting point is Equation (37). We concentrate on
the first of the two integrals, the second one is treated in
an analogous way. The aim is to deform the w-integration-
contour to the real axis as depicted in (Fig.4). First we

make a shift in w by iB and rescale by \/Z_l. This is
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~

/

Fig. 4. Deformation of the w-contour

F

possible because VA > m > 0 for all values of o1/2 6,
Thus we get:

3
2

/ioo+6+,u " [A _ (w _ iB)Q] -

—too+tetpu eflw=m) +1
[t [1—w?] -3
=A dw -
146, 4iss  eBWVA—pu+iB) 4]
_3
[1 — w2] 2

OO—i52
—-A~t / dw (C1)
1401 —102

e [T “39(2 - §1e%) 3
AL 12 / d € L
T ¥ oB((=s1 expliphVA—u+iB) 1 1

eBwVA—p+iB) 4

—T

In the last integral we have introduced the variable z =
1 —w = §;€*°. We have also taken the limit §5 — 0 here.
The range of integration comes from the fact, that we have
taken the squareroot cut along the negative real axis. As
we are interested in the limit §; — 0 the only contribution
from the last integral is

A71271i(261)71/2 /7r p

65(\/27”“"1‘3) —+ 1

A~12i(26,)71/?
 eB(VA-pt+iB) 4
(C.2)
The first two integrals in (C.1) give the same contribution.
If we have a positive imaginary part for w the imaginary
part of 1 — w? is negative. Therefore we have in the first

integral (1 — w?)™%/2 = (e7"™(w? — 1))_3/2 = —i(w? —

e3¢

—T

6 Explicitly we have: A =m? + 2E1 . EzUQ(]. —o1) + Ef (o1 —
o) +k3 (02— 03)+2wiwa02(1—01 ) +wi(o1—0f)+wi (o2 —0o3) for
o1 > o2 and a similar expression for o2 > o1 (01 <> 02, k1 ¢
k2)
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1)73/2 and a relative minus sign in the second one. If we

introduce the variable p? = w? — 1 we get
_3
CoiA- / w — 1] 2

i
146, B(wVA—pu+iB) +1
p2 1/2
— oid- / P+ 1)
NoTH B(\/P2+1VA—pu+iB)
26 1/2
Ay 1) : (C.3)

eB(VA—p+iB) | 1

_ /oo d (p2 + 1)73/2
0 P eﬁ(\/Z\/p?'JrlfquiB) +1
ﬁA—1/2(p2 + 1)—leﬁ(\/2\/p2+lf,u+i3)
(eﬁ(ﬂ\/pzﬂfnﬂB) +1)2

where we have omitted terms which vanish in the limit
61 — 0. We see that the singular part cancels the one
from (C.2) and we are left with the first two terms of (39)
if we insert our result into (37).

The second integral of (37) is treated similarly and
leads to the remaining two integrals of (39).

As already mentioned in the text it is possible to derive
(39) in a different way. Startingpoint is (34) in which we
make use of the following identity:

/Ooodss /dSST/ dpe” p*‘”(Cél)

==/ dp@’+a)?
ﬁ/o
We get:

1 - o
MP = ﬁm)\/(iQGM,/an,€1M€2yklak2"/(27‘-)4 (k1 + k2 + q)

1 oo
X(ka1+wk2 tw, / daldag/ dp
0 0

1 /ioo+l—l+€ J (A +p2 _ (w _ iB)2)72
b W
270 J oot pure eBlo—m +1
1 100+ —€ (A +p2 _ (w _ iB)2)_2
6*,8(‘*}7#) —+ 1

(C.5)

dw

—ioo+pu—e

2mi

where A and B are again given by (38). We now apply the
residue theorem in order to calculate the w-integrals and
use:

(A+p* — (w—iB)*)~?
ReSiB:t\/A+p2 < eTB(w—p)

(44 pt)2
eiﬁ(iBi\/A—i-pz—;L) +1
ﬂ(A +p2)716i6(i3i\/14+p2—u)
+

(eiﬂ(iBi A+p27u)+1)2

1
4

] (C.6)

If we rescale p — % we end up with (39).
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D Some remarks
about the analytical continuation

If we try to carry out the program proposed after formula
(40) and additionally use k7 = 0 and (k;)o = M where
M is the axion mass and set M = 0 in order to get the
leading order in %, the o-integration becomes trivial and
(39) reads (for u = 0):

MP = #mQA’eZGILm,yeluegl,kmszy(277)4 5(1;:’1 + EQ +4q)
X Qg +why +wq
0 1+ 6’71'3\/’727Jrl
(p? + 1)—1em,6\/p?7+1‘|

+Bm 2
p (1 + emﬁ\/p2+1)2

(D.1)

where M” means the leading order finite temperature con-
tribution. We now perform a partial integration of the first
term in the square bracket:
o] 2 1 -1
/ dp (p? +1)" /2 (p° +1)
0

—_— = D.2
1+ emﬁ\/PQ-‘rl ( )

/OO dp arsinh(p) 2P !
o P\ 1+ emBVPP+1
P emByV/p?+1 )

+m,
ﬂ(pg +1)3/2 1+ emﬁ\/p2+1)2

If we use 2arsinh(p) = 2In(\/p? + 1+p) =

()

we arrive at:

- 1 _
Mﬁ = ﬁm 1/\/€2€uua‘y€1u€2uk1ak27(271-)4

X(S(El + EQ + (j) 5W}c1 Fwiy twq

00 2
/ dp p hl(\/p +1+p>
0

(p? + 1) pPP+1—p
1—|—em5V 2‘”

1 1
X (1 +In(vp?>+1+p)

emﬁ p2+1

(D.3)

J;ﬁﬂ

This does not coincide with the results of [25, 26]. The first
term in the square bracket is exactly the known result but
we get the additional second term of (D.3).

A closer look at the calculation in the Matsubara for-
malism shows the following: If one continues the external
Matsubara frequencies also in expressions exp{—ifwy, /2 1,
which is indeed 1, one obtains exactly the additional term.
Such continuations play a role because the angular in-
tegration produces a 1/M? singularity to be cancelled
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by further factors ~ M?2. This subtlety in the analyti-
cal continuation should be burried in our case in the o-
integrations, which correspond to the angular integration.
Unfortunately they seem to be rather difficult to handle.

References

. R.D. Peccei, H.R. Quinn, Phys. Rev. Lett. 38, 1440

(1977); Phys. Rev. D 16, 1791 (1977)

S. Weinberg, Phys. Rev. Lett. 40, 223 (1978); F. Wilczek,
Phys. Rev. Lett. 40, 279 (1978)

M. Dine, W. Fischler, M. Srednicki, Phys. Lett. B 104,
199 (1981); A.P. Zhitnitskii, Sov. J. Nucl. Phys. 31, 260
(1980)

J.E. Kim, Phys. Rep. 150, 1 (1987); M.A. Shifman, A.L
Vainshtein, V.I. Zakharov, Nucl. Phys. B 166, 493 (1980)
R.D. Peccei, hep-ph/9606475; R.D. Peccei in CP Viola-
tion, ed. C. Jarlskog, World Scientific

G.G. Raffelt, Phys. Rep. 198, 1 (1990)

M.S. Turner, Phys. Rept. 197, 67 (1990)

G.G. Raffelt, Stars as Laboratories for Fundamental
Physics, University of Chicago Press: Chicago 1996

. R.P. Feynman, Phys. Rev. 80, 440 (1950)

. Z. Bern, D.A. Kosower, Nucl. Phys. B 379, 451 (1992)
. ML.J. Strassler, Nucl. Phys. B 385, 145 (1992)

. A.M. Polyakov,

Gauge Fields and Strings, Harwood
(1987)

. M.G. Schmidt, C. Schubert, Phys. Lett. B 318, 438 (1993)
. M.G. Schmidt, C. Schubert, Phys. Lett. B 331, 69 (1994);

M.G. Schmidt, C. Schubert, Phys. Rev. D 53, 2150 (1996)

. M.G. Schmidt, C. Schubert, Ahrenshoop Symposium, 240

(1994) (hep-ph/9412358)

16.

17.

18.
19.

20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

31.

32.

M. Reuter, M.G. Schmidt, C. Schubert, Ann. Phys. 259,
313 (1997); D. Fliegner, M. Reuter, M.G. Schmidt, C.
Schubert, Theor. Math. Phys. 113, 1442 (1997)

D. Fliegner, P. Haberl, M.G. Schmidt, C. Schubert, Ann.
Phys. 264, 51 (1998) (hep-th/9411177)

S.L. Adler, C. Schubert, Phys. Rev. Lett. 77, 1695 (1996)
M. Mondragén, L. Nellen, M.G. Schmidt, C. Schubert,
Phys. Lett. B 351, 200 (1995)

M. Mondragén, L. Nellen, M.G. Schmidt, C. Schubert,
Phys. Lett. B 366, 212 (1996)

E. D’Hoker, D.G. Gagné, Nucl. Phys. B 467, 272 (1996);
Nucl. Phys. B 467, 297 (1996)

N.V. Mikheev, L.A. Vassilevskaya, Phys. Lett. B 410, 207
(1997)

D.G.C. McKeon, A. Rebhan, Phys. Rev. D 47, 5487
(1993)

H. Kleinert, Path Integrals, World Scientific, chapter 6
S. Gupta, S.N. Nayak, hep-ph/9702205

A.G. Nicola, R.F. Alvarez-Estrada, Z. Phys. C 60, 711
(1993)

P. Aurenche, T. Becherrawy, Nucl. Phys. B 379, 259
(1992)

R. Kobes, Phys. Rev. D 42, 562 (1990); Phys. Rev. D 43,
1269 (1991)

T.S. Evans, Phys. Lett. B 249, 286 (1990); Phys. Lett. B
252, 108 (1990)

F. Guerin, Nucl. Phys. B 432, 281 (1994)

M. Haack, Rechnungen im Weltlinienformalismus bei
endlicher Temperatur und im Magnetfeld, diploma thesis
(with M.G. Schmidt)

C. Itzykson, J.-B. Zuber,
McGraw-Hill (1985)

Quantum Field Theory,



